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Abstract

There is a direct relationship between a single alarm probability and the average run length only for basic Shewhart
charts such as the X-chart. Alarm rates are defined in this paper that can be applied with charts such as the cumulative
sum (CUSUM) chart and the exponentially weighted moving average (EWMA) chart that base decisions on several
observations, not just the most recent one. Methods for determining EWMA chart limits are compared on the basis of
their false alarm rates. It is shown how control charts can be more flexibly and carefully defined by considering a desired
pattern of in-control false alarm rates in conjunction with a desired in-control average run length.
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1. Introduction

In this paper we consider various control charts used to monitor the mean level of a quality characteristic
of interest. It is assumed that one observes successively the independent sample means X, X,, ..., where
X; ~ N(u;, 62/n), i = 1,2, .... For simplicity it is assumed that when the process is in statistical control we
have p; = po, i = 1,2, ... , and that ¢? is known and remains constant.

The random number of samples required for a control chart to give an out-of-control signal, N, is referred
to as the run length of the chart. Control chart performance is usually measured in terms of E(N), the average
run length (ARL).

For any type of control chart, we propose that the alarm rate at sample i be defined as the probability of an
alarm at sample i given no alarm prior to the ith sample, ie.,

rn=P(N=ilN>i—1), i=12, ... 1)

Although alarm rates can be calculated using run length probapbilities, they provide insight into chart
performance that cannot be obtained directly from the run length distribution itself. The definition of an
alarm rate is similar to that of a mortality rate in actuarial science (Jordan, 1967) and a hazard rate in
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reliability theory (Barlow and Proschan, 1975). The mortality rate g;, for example, is the probability of
a person dying within one year given survival to age, i,i=0,1, ....

The widely used Shewhart (1931) X-chart signals that the process is out-of-control at sample N if X falls
outside the control limits

so + ka/yn, 2)
where k > 0. For the X-chart the alarm rate when y; = u, i = 1, 2, ... ,is constant, i.e,r; = p,fori= 1,2, ...,
where

p=1+ @(— k- 3)— @k - 9), (3)

o= ﬁ(p — Ho)/o and @() is the standard normal cumulative distribution function. In fact, the run length
N of the X-chart is a geometric random variable when y; = y,i = 1,2, ..., and the ARL is determined by the
direct relationship

ARL, = 1/p. 4

In most texts, p is referred to by « when u = p; and by 1 — f when u # uo. For example, in the usual case
where k = 3, we have o = 0.0027 and ARL, = 370.4. Thus, an alarm probability and the ARL can be directly
related for the X-chart.

The expression in (4) does not hold for other control charts such as the cumulative sum (CUSUM) chart,
the exponentially weighted moving average (EWMA) chart, the moving average chart and the X-chart with
supplementary runs rules. These charts base decisions regarding whether or not the process is in-control on
several past values of the sample mean, not just the most recent one. It can be shown that the usual methods
of designing these charts result in charts with alarm rates that vary over time when p; = po, i = 1,2, ... We
refer to these in-control alarm rates as false alarm rates r; = a;, i = 1, 2, ... Varying false alarm rates may be
desirable in some cases, e.g. to obtain extra sensitivity to initial out-of-control conditions, but we recommend
that the pattern of these alarm rates be considered explicitly in control chart design. Furthermore, Adams
et al. (1992) show that single false alarm probabilities are often used inappropriately to design CUSUM
charts and to evaluate the performance of X-charts with runs rules.

The alarm rates in Eq. (1) can be applied to any control chart. For the remainder of this paper, however, we
focus on the false alarm rates for the EWMA charts because the required calculations are the most tractable.
The design of EWMA charts is discussed in Section 2 and the false alarm rates of three types of EWMA
control chart limits are compared in Section 3. Section 4 contains our conclusions.

2. EWMA chart design

The EWMA control chart is based on the statistics
Z,':/{Xi‘f'(l—ll)ZiAl, i=1,2, cesy (5)

where Z, = pgand 0 < A < 1. A common approach to determining the control limits (see, e.g. Montgomery,
1991, p. 300) is to note that Z; has variance

o = [o*m][4/2 - N]I[1 — (1 - H*] (6)
and consequently to use the limits

,uoikO',-, i=1,2,..., (7)
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where k > 0. We refer to the limits in (7) as the “variance-adjusted” limits. The limiting value of the variance
in (6), as i increases, is

A
2 2
O —a/n<2_l>. ®)
Thus, a number of authors recommend the control limits
HO i ko_oc . (9)

We refer to these limits as the “constant” control limits. Lowry et al. (1992) use an analogous argument to
determine control limits for a multivariate EWMA chart.

The EWMA chart was originally proposed by Roberts (1959). The run length properties of the EWMA
chart with the constant control limits in (9) have been studied by Robinson and Ho (1978), Waldmann (1986),
Crowder (1987a, 1987b, 1989), Lucas and Saccucci (1990) and Gan (1991). Chandrasekaran et al. (1993)
consider the properties of the EWMA chart with the variance-adjusted control limits in (7), referring to these
as the “correct” limits.

It is usually recommended that EWMA charts be designed on the basis of ARL performance. The value of
the smoothing constant and the value of k in (7) or (9) are determined by the size of the shift in the mean
considered important enough to be detected quickly and a specified in-control ARL. It is important to note,
however, that the expression for the variance of Z; in (6) for i > 1 is derived by ignoring the truncation effects
of the control limits employed at the previous i — 1 samples. Thus, using a constant multiple of the standard
deviation to give the control limits in (7) is done somewhat arbitrarily, i.e., for convenience rather than to
meet any additional well-defined statistical criterion on chart performance. Contrary to the impression
usually given, there is no clear theoretical justification based on statistical performance for using either the
variance-adjusted limits in (7) or the constant control limits in (9).

It is shown in the next section that EWMA charts with control limits chosen as in (7) or (9) have false alarm
rates which vary over time. Another choice could be to design EWMA charts with “time-varying” control
limits defined by

ﬂoikio'l', i=1,2, ey (10)
where the values k;, i = 1, 2, ... , are determined so that the false alarm rate at each sample is constant, i.e.,
o = o, i=1,2,...,

where o, 1s a specified false alarm rate. This approach results in a geometric in-control run length distribution
and maintains the direct relationship in (4) between the false alarm rate and the in-control ARL. We use the
constant false alarm rate chart here only as an illustration. Any specific choice of false alarm rates «;,
i=12, ..., however, leads to a unique (within numerical precision) set of symmetric control limits. The user
may specify false alarm rates which vary over time according to a specified pattern. For example, Lucas and
Crosier (1982) argue that one may prefer a control chart with the fast initial response (FIR) feature for the
increased sensitivity to initial out-of-control conditions. Qur approach can also be modified for use with
other types of control charts such as the CUSUM chart or charts for monitoring some parameter other than
the process mean. If one uses an existing, ad hoc method to design a control chart, then we recommend that
the false alarm rate structure be considered in evaluating chart performance.

3. False alarm rate comparisons

In this section we compare the false alarm rates of three types of EWMA charts which are all designed to
have an in-control ARL of 500. Fig. 1 shows the false alarm rates for the EWMA charts with the
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Fig. 1. False alarm rates for the EWMA chart with variance-adjusted limits of Eq. (7).
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Fig. 2. False alarm rates for the EWMA chart with constant control limits given in Eq. (9).

variance-adjusted control limits in (7) for A = 0.1,0.2, and 0.5. The false alarm rates with the constant control
limits in (9) are shown in Fig. 2. For the time-varying control limits given in Fig. 3, the false alarm rate is
constant at o, = 0.002.

To obtain these figures we used the results of Waldmann (1986) and Crowder (1987a) which show that
under the assumption of independence between observations, the EWMA chart can be represented as
a continuous state Markov process. If we assume normality and, without loss of generality, that u, = 0 and
o?/n = 1, then the density of Z; using the time-adjusted limits when the process is in-control is given by

kiei gy iz — (1 — Ao .
gi(z)=f %g,--l(y)fi<” Ll Li ”)dy, =23, .., (1)
—ki_,y

where f;(-) represents the p.d.f. of X;. For our in-control comparisons we took f;(*) to be the standard normal
p.d.f. For the out-of-control case, f;(-) would be a normal p.df. with a non-zero mean. The limits of
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Fig. 3. Control chart constants k; for EWMA chart with time-varying control limits in Eq. (10).

integration in (11) are the control limits, which may be specified as in (7) or (9) for the other types of control
limits. Note that g,(z) is a normal p.d.f. with mean zero and variance A?> and

r g(@dz=P(N>i—1), i=12 ...,

where N is the run length of the EWMA chart. If we let p; = P(N =i),i = 1,2, ..., represent the run length
probabilities, then

k;

2. pi=1 —J gi(z)dz. (12)
i=1 —k

Egs. (11) and (12) can be evaluated using numerical techniques for a given value of 1 and fixed control limits.
The alarm rates in (1) can then be approximated using the relationship

o)

The expressions in (11) and (12) are straightforward generalizations of the results given by Waldmann (1986)
for the case k;6;, = ko, i=1,2, .... To calculate the false alarm rates in our paper, 24-point Gaussian
quadrature was used to evaluate the integrals in Egs. (11) and (12). Gan (1991) also used this numerical
method. All computations were performed in double precision using an IBM 3081D computer.

Determining the time-varying control limits in (10) requires iteratively finding the control limit constants k;
such that p; = o and

i—1
pi= 1 —a)ay, i=23, ...
j=1
For each value of i, we used the IMSL (1987) subroutine DZREAL for numerically solving nonlinear
equations.

From Fig. 1, one can see that the false alarm rate using the variance-adjusted limits can be much higher
than 0.002 initially, but the values decrease more rapidly to limiting values slightly less than 0.002 as
Jincreases. From Fig. 2, the false alarm rates are quite low initially when the constant control limits are used.
The false alarm rates converge more quickly to limiting values slightly greater than 0.002 when A is large.
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Lucas and Saccucci (1990) have shown, however, that values of 4 in the range from 0.1 to 0.2 are most
effective in detecting small shifts in the process mean. For these cases there are large initial differences in the
false alarm rates. The false alarm rate patterns have a more pronounced effect if the production run is short
since in the long run the rates converge to relatively close limiting values. Using the variance-adjusted limits
in (7) gives an increased number of false alarms initially and the constant control limits in (9) are much less
sensitive to early shifts in the process mean compared to the use of the time-varying control limits with
a constant false alarm rate. If a process shift is delayed for some time, then there will be little difference in the
out-of-control statistical performance of the three types of EWMA control limits.

4. Conclusion

Crowder (1989) and Lucas and Saccucci (1990), among others, recommend designing EWMA charts on the
basis of a shift in the mean considered important enough to detect quickly and the desired in-control ARL.
Similar recommendations have been made for CUSUM charts. Because specifying the in-control ARL does
not lead to a unique set of control limits, we recommend that control chart limits be based on the desired
in-control ARL and a desired pattern of false alarm rates. We use the EWMA chart with a constant false
alarm rate only as an illustration. If one uses a simpler, ad hoc method leading to limits such as those in (7) or
(9) for the EWMA chart, then the false alarm rate pattern should be considered in evaluating chart
performance. In addition, as Crowder (1987b) and others recommend, the out-of-control ARLs should be
calculated over a range of process shifts in order to check a proposed chart’s sensitivity to out-of-control
conditions.
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